University of California, Berkeley
Physics 105 Fall 2000 Section 2 (Strovink)

FINAL EXAMINATION

Directions. Do all six problems (weights are indicated). This is a closed-book closed-note exam
except for five 8% x 11 inch sheets containing any information you wish on both sides. You are free
to approach the proctor to ask questions — but he will not give hints and will be obliged to write
your question and its answer on the board. Roots, circular functions, etc., may be left unevaluated
if you do not know them. Use a bluebook. Do not use scratch paper — otherwise you risk losing part
credit. Cross out rather than erase any work that you wish the grader to ignore. Justify what you

do. Box or circle your answer.

1. (20 points)

In the northern hemisphere at colatitude A (as
measured from the north pole, equivalent to
north latitude 3 — A), an ice rink is built by
pouring water into an enclosure and then allow-
ing it to freeze. If the rink is built this way, an
isolated hockey puck that lies at rest on the ice
won’t move at all, even if the ice is frictionless

(which is the case here).

The puck (of mass m) is tied to a frictionless
center swivel using a taut massless rope of length
R. The puck is set into counterclockwise uniform
circular motion about the swivel point. As seen
by an observer standing on the ice, the puck has
a constant angular velocity w about the swivel,
i.e. it retraces its path around the ice every %’r
seconds. The puck moves slowly: you may not
assume that w is much larger than €2, the angu-
lar frequency (= 27 /day) of the earth’s rotation
about its axis.

What is the tension 7 in the rope? You may
work this problem either in the rest frame of the
observer, or in the rest frame of the puck — but
you must state which frame you are using.

2. (30 points)

A fixed upright solid cone with a height h and
a circular base of radius R has a frictionless
surface. The cone intercepts a vertical rain of
tiny hailstones, which scatter elastically off the
curved part of the cone. Since they are so tiny,
only a negligible fraction of the hailstones hit
the very tip of the cone. Neglect gravity.

(a) (10 points)

Show that the scattering angle © of the hail-
stones is 2q, where a = arctan (R/h) is the
half-angle of the cone. You may use this result
in the remainder of the problem.
(b) (10 points)
Using a purely geometrical argument, write down
the total cross section o for elastic scattering
of a hailstone by the cone.
(c) (10 points)
Taking ¢ to be the hailstone’s angle about the
cone’s azimuth, write down the differential cross
section
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for elastic scattering of a hailstone by the cone.
[Hint: integrating the differential cross section
over the full solid angle should yield o7 .]

3. (40 points)

A physical system has a Lagrangian that is nor-
malized (scaled) to be dimensionless. It is equal
to

E(CL, b, a, b7t> = %GQ + %(ab)Q —a" )

where a and b are dimensionless generalized co-
ordinates, a > 0, n is an unspecified integer, and
the time ¢ is normalized so that it is dimension-
less as well.

(a) (10 points)

Use one Euler-Lagrange equation to find the con-
served canonical momentum pg in terms of a, b,
a, and b.

(b) (10 points)

Write the other Euler-Lagrange equation. Sub-
stitute py so that this equation is expressed



entirely in terms of one of the generalized coor-
dinates, its time derivatives, and constants.

(c) (10 points)

Find a condition on n such that it is possible for
the surviving generalized coordinate in part (b)
to be constant.

(d) (10 points)

If the “constant” generalized coordinate in part
(c) were perturbed slightly, would it oscillate
stably about its “constant” value? Explain.

4. (45 points)

A double pendulum consists of a top bob of mass
3m, hung from the ceiling by a string of length
Z; and a bottom bob of mass m, hung from the
top bob by another string of length ¢. The top
string makes an angle ¢ < 1 from the vertical
direction; the bottom string makes an angle
f < 1, also measured from the vertical direction.
Note that the two bobs have different masses.
(a) (10 points)

If the kinetic energy is expressed in units of
mt?, the potential energy is expressed in units of
mg{, and the time is expressed in units of \/W ,
making all possible small-angle approximations,
show that (within an additive constant) the
Lagrangian can be written

L= 1(4¢% + 290 + 67 — 4¢* — 6?) .

You may use this result for the remainder of the
problem.

(b) (15 points)

Expressed as a ratio to \/W, find the angu-
lar frequencies of this system’s normal modes.
[Hint: the winding number of this system turns
out to be v/3.]

(c) (10 points)

If you were unable to make the approximations
¢ < 1 and 0 < 1, you would need to solve this
system numerically. This can be easier if you
use a set of first-order coupled partial differen-
tial equations, rather than a set of second-order
partial differential equations. Given the La-
grangian, how would you obtain this first-order
set of equations? (Only an explanation of what
you would do is required.)

(d) (10 points)

Again for the conditions of part (c) (¢ and 0

not necessarily small), assume that you have an
ideal double pendulum, an arbitrarily fast and
precise computer, and “fairly accurate” initial
conditions. Would you expect to obtain a “fairly
accurate” prediction for its motion? Would your
expecations depend on the range of motion that
is considered? Explain.

5. (40 points)

A physical system is described by a single di-
mensionless generalized coordinate b(s,t) that is
a function of two independent variables: a time
variable ¢ and a (one-dimensional) field variable
s. When s and t are normalized (scaled) to be
dimensionless, and the Lagrangian density £’ is
similarly renormalized, £’ takes the form
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(a) (10 points)
Using the version of the Fuler-Lagrange equa-
tion that is appropriate for a Lagrangian density,
show that the equation controlling the evolution
of b(s,t) is

o _ 0% _

0s2 ot?
You may use this result in the remainder of this
problem.
(b) (10 points)
If —0co < s < 00, i.e. there are no boundaries
for s, what is the general solution b(s,t) to this
equation?
(c) (10 points)
Now impose the boundary condition

b(s=0,t) =b(s=1,t) =0.

What are the angular frequencies of the normal
modes of this system?

(d) (10 points)

Finally, retaining the boundary condition intro-
duced in part (c), impose the initial conditions

b(s,t =0) =sinms
P(s,t=0)=0.

What is the earliest time ¢y such that

b(s,tg) = —b(s,t =0),



i.e. the field b(s,t) reverses sign but is otherwise
unchanged? Explain your reasoning.

6. (25 points)

A one-dimensional physical system with gener-
alized coordinate g and canonically conjugate
momentum p is described by a Hamiltonian
H(q,p,t) that is a smooth function of the vari-
ables upon which it depends. This is a con-
servative system (no dissipation), so that dH/dt
vanishes, i.e. H is a constant of the motion.

(a) (10 points)

Prove that 0H /0t vanishes.

(b) (15 points)

This system also is characterized by a different
smooth function F(q,p,t) of the same variables.
It is known that F' is also a constant of the mo-
tion. The quantity OF /0t describes the explicit
time dependence of the function F'; it can be
nonzero even when F' is conserved. Prove that
OF /0t is a constant of the motion.



